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It is shown that, for a function A from (0, 1)” to (0, 1)” whose components form PI symmetric 
set of threshold functions the repeated application of A, leads either to a fixed point or to a 
cycle of length two. 
1. The main theorem 
Let E= (0, 1) and A be a function: 
A:E”-+E”, 
y = (y,, l l - , Yn) ---, MY)? * l l 7 MY>) 
where each c#+ is a threshold function, defined by: 
[ 1 otherwise, 
We say that A is “symmetrically threshold” if for each pair {i, j} we have ‘xii = aii- 
This note concerns the periodic behaviour of the iteration: 
Y r+’ = Ayr, r = 0, 1,2, . . . with y’k E” 
The main theorem is the following: 
Theorem. For any y E En, there exists s E N, such that 
A”+2y = A”y. 
This is not true in general if A does not satisfy the symmetrical threshold. 
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2. The tools of proof 
Clearly, since E” is finiite, for each y c E” there exist s, t EN, s 30, t >O such 
that: A”“y = Asy and Asfry# A”y for any r satisfying O< r < t. Then, consider the 
n 96 J matrix: 
= (A’y, A"+'y, . . . , As+‘-ly). 
JCJ is cdwious that, for i E { 1, . . . . n}: 
Xi(O) - 4,cx,ct - l), . . . , x,(t- l)), 
x,(l+ 1) = Q!+(#), . . . , x,(t)) fur d E{O, . . . , t -2). 
l%t~. For any integer k, we define Xi(k) as Xi(i) where r E (0, . . . , t - 1) and k = r 
(mod 1). 
Let lyi denote the smallest period of the row Xi (ri is necessarily a divisor of t). 
Let us define the mapping L on the set S of rows of X(y, t): 
L:SxS - R. 
c-t 
(Xi, Xj I- “ii C (Xj(l+ l)-Xj(l- l))&(l)- 
I =(I 
The proof follows easily from the definition of L. 
kMU82. Let k(l,...,n} Such that yia3, then 
n 
c L(Xi* Xj)cO. 
j=l 
The proof, rather technical, can be found in Cl]. 
3. Proof oh ‘Fheorem 
For y E En let X( y, t) be the corresponding matrix as before. If t 3 3, then at 
icast one yi is greater than or equal to 3, and by Lemmas 1 (ii) and 2, we have 
n n 
zc L(Xiq Xj I< 0. 
I If 1 
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But, by Lemma 1 (i): 
f f L(Xi, Xj)= 0 
i=l j=l 
which is a contradiction; therefore ~2. 
If aij # aji, for some pair {i, j}, this is no longer true in general. Th? following is 
a counter example: 
A:E3+ E3, 
Y + WY ), &(Y h9 43(Y )I 
with 4,(Y) = l[yZ+3y3- 21, &(Y) = UY, + y3- 11, +3(y) = UYT- y1 - 11, where 
l[u]= 1 when 2;1 30, and l[u]=O when u<O. Let y”=(l, l,O), then A3yo= y”and 
A’y”# y” for r= 1,2. 
4. Comments and remarks 
Many authors in various areas: social psychology [2,4]., symmetrical nerve nets 
[3, 51, uniform cellular automata [6], have already observed, in very special cases, 
the two-length cycle behaviour of the corresponding iteration. Their proof 
methods are different from ours, and particular to the problem involved. On the 
other hand, this theorem can be generalized to the case of A : (0, 1, . . . , q}” + 
{OJ,..., q}“, using an extension of the concept of symmetrical threshold. 
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